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Abstract 

It is shown that magnetic seven-branes previously considered as 
different objects are members of a one-parametric family of super- 
symmetric seven branes. We enlarge the class of seven-branes by con- 
structing new magnetically and also electrically charged seven branes. 
The solutions display a kink-like behavior. We also construct a solu- 
tion that naturally generalizes the D-instanton. 



1 Introduction 



Solitonic solutions of supergravity have played a crucial role in achieving our 
current understanding of nonperturbative string theory. The identification of 
a subset of these solutions with the strong coupling limit of D-branes was cen- 
tral to the resolution of longstanding puzzles in black hole physics and large 
N gauge theories. Although in general the properties of this solutions are 
well known (see reviews QX|, ^ it is fair to say that some solutions have 

been explored less than others. Such is the case of 7-branes and instantons 
in type IIB. Seven branes play a central role in different recent developments 
in nonperturbative string theory. Two examples are the instrumental role in 
the formulation of F-theory || and in constructions of supersymmetric gauge 
theories J7|. The role of the type IIB instanton has been widely discussed in 
the context of the AdS/CFT correspondence. 

In this paper we attempt to remedy this situation by widening the class of 
seven-brane solutions [] and showing that the D-instanton of Gibbons, Green 
and Perry || admits a very natural generalization. We also hope to clarify 
some misconceptions in the literature by showing how some solutions that 
have been regarded as independent of each other are actually particular cases 
of a one-parametric family of supersymmetric seven-brane solutions. 

In section 2 we study various seven-brane constructions. After review- 
ing the most general solution of the seven-brane ansatz and showing how it 
reduces to previously known solutions we study seven branes from a holo- 
morphic point of view, this is a distinguishing feature of seven-branes that 
have been widely exploited in nonperturbative constructions. We show that 
holomorphic seven branes are very similar to the nonlinear 0(3) model used 
to describe isotropic ferromagnets. In particular we show explicitly that by 
imposing very reasonable asymptotic conditions on the solution, one is led to 
a homotopical classification for the charge of the seven-brane, which is not 
possible for D-branes in general. In the two last subsections of section 2 we 
construct new seven-brane solutions, we consider both electric and magnetic 

seven-branes. The gauge field of the electrically charged seven-brane dis- 
plays a kink-like behavior. In section 3 we discuss the supersymmetry of 
seven branes and show that these equations admit the one-parametric fam- 
ily of solutions constructed at the beginning of section 2. In section 4 we 
construct generalizations of the D-instanton of |J. 

1 Some papers considering different aspects of seven branes include fi Hj. 
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2 On seven-branes 



2.1 The various D7-branes 

In this subsection we review the known seven-brane solutions and clarify 
a common misconception about the D7-brane. We argue that three seven- 
brane constructions found in the literature are basically the same object. 
The seven-brane constructed implicitly in |l], |3|] along the lines of the tradi- 
tional p-brane solution, the GGP seven brane || and a circular seven-brane 



constructed in |TT| are all, to an extent to be specified shortly, particular 
cases of a unique construction. Let us start by reviewing the general p-brane 
construction in 10- dimensions. One starts with the following Einstein-frame 
action |, | 



Sup = — ^ I d lQ xV=g ( R - -(0(f)) 2 - , 1 ,/ ^F 2 ) . (1) 
' p 16tiGJ V y \ 2 y Y> 2(p + 2)! P+2 I 

The equations of motion (EOM) for p — — 1 are: 

Rmn = ^(d M (Pd N (P + e^F M F N ), 
-t=d M (V^9 MN d N <P) = e 2 *g MN F M F N , 



dM(V=gg MN e 2 t>F N ) = 0. (2) 

Here, Fm = 9m&, where a is the zero-form, R-R potential. Unlike the quan- 
tum theory, the classical theory is invariant under a rescaling of the action, 
and, as the Lagrangian has no mass parameter, this feature is critical for 
understanding some of the properties of classical solitons, such as D-branes, 
in the absence of other scales. 

One expects the D7-brane to be a singular, magnetic solution of 
and the corresponding ansatz for the metric and field strength is 

d s 2 = e 2A{r) r ltlu dx^dx v + e 2B{r) 5 mn dy m dy n , 

F m = Ae mn ^2 or a = A0, (3) 



with fi,u = 0, . . . , 7 , m,n = 1,2; e i2 = 1; r = yyf + yi; is the angular 
coordinate in the transverse space. This ansatz for the metric is dictated 
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by preserving P s x SO (2), that is, Poincare invariance in the longitudinal 
directions and SO (2) in the perpendicular ones. One very useful relation, 
which is true for all Dp-branes and is required by supersymmetry is A d + 
B d = 0, where d = p+ 1 and d — 10 — p — 3 |J (see appendix for the general 
definition). Applied to seven-branes (d = 10 — 8 — 2 = 0), one has A = 0. The 
Ricci tensor in this case becomes R mn = —5 mn d 2 B (see appendix). Einstein's 
equations then imply 

Ae* 



r 



B" + y = -\{<P') 2 - (4) 

The first of these equations is characteristic of magnetic p-brane solutions 
and says that exp — is a harmonic function in the transverse coordinates. 
The general solution to the second equation can be written as 

B = B + B lP + hn(l + \p), (5) 

where we have defined p = ln(r/Yo), a notation that we shall find useful 
throughout the rest of this paper. By a rescaling of y m , we may choose 
B = 0, whence the entire background takes the form 

ds 2 = rj^dx^dx" + e 2(Bl+1)p (l + Ap)(dp 2 + d6 2 ), 
e~+ = 1 + Ap, 

F m = Ae mn ^-. (6) 

For sufficiently small r, viz., r < r\ = r exp (— 1/A), the quantity 1 + Ap 
can become negative, and the solution breaks down, since of course exp(— 0) 
must be nonnegative. This also shows up as a singularity in the metric and, 
more importantly, as a naked singularity in the curvature. 

A 2 

R = r 2 ( B i+ 1 )(l + Ap) 3 (7) 

In this respect, the 7-brane differs from lower p-branes, whose singularities do 
not occur at finite r. This disturbing feature of the solution can and should be 
interpreted as the appearance of new physics in a natural way: The SUGRA 
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Lagrangian, being nonrenormalizable, must be understood as the first term 
of an effective field theory involving an expansion in powers of the curvature 
so, as the curvature becomes large, the terms ignored become as important as 
the leading term. The value of p\ is arbitrary because the Lagrangian is scale- 
invariant. However, by reference to other forms of matter, it is natural to 
expect such a breakdown on a scale r ~ G 1 ^ 8 . Similarly, from the superstring 
point of view, one expects corrections at r ~ \fa' . Moreover, since exp(0) is 
the (local) string coupling constant, this becomes large as r approaches r±, so 
that one cannot trust the classical approximation anyway. Therefore, even 
though in principle ro is simply an integration constant, we assume that it 
is sufficiently small so that our solution makes sense physically at distances 
r >> r\. 

For Bi = 0, one has the typical harmonic function representation for 
p-branes [HI EL For Bi = —1, one recovers the circular seven-brane of 
||ll||f| It is not possible to establish a one-to-one relation with the solution 
of ||. One can however show that the asymptotic behavior of the solution 
of || can be obtained from eq. (|6])[] It is very natural to concentrate on the 
large r asymptotic behavior because most of the constraints that string the- 
ory imposes through the boundary state formalism on supergravity solutions 
depend only on the asymptotic behavior. The notational correspondence be- 
tween the asymptotic behavior of the dilaton and the axion field given in || 
and the fields of eq. (|6]) are: 

The asymptotic value of the dilaton b appears in eq. (28) of f|. 

To establish the relation between the metrics we now turn to eq. (27) in 
H (see next subsection) 

<9<91nfi = -ddlaT 2 . (9) 

where, in our notation, lnf2 = B and r 2 = exp (—0). The general solution to 
this equation is e 2B = r 2 exp(F(z) +F(z)). where F is an arbitrary holomor- 
phic function. Rotational invariance in the transverse dimensions leads to the 

2 To obtain precisely eq. (6.14) in [0 it is necessary to make the following change: 
lnr — * r and to identify A = rh. 

3 The limit we consider here has been previously discussed in the literature (see, for 
example, fl^]). This limit is known as the weak coupling limit of the GGP solution. 

4 



(8) 



choice (|5|). Further specification within this class amounts to different choices 
of the parameter B\, as shown before. The conditions imposed in |J were 
that the metric must be real, modular invariant and nondegenerate (for an 
extensive discussion see Hl3|). This brings us to exp(2£>) = (1 + A \n(^-))rj 2 f] 2 , 
where rj is the Dedekind eta function, which is perfectly compatible with (P) 
for asymptotically large r. To guarantee nondegeneracy of the metric in the 
presence of multiple seven-branes, other powers of r must be included but 
this is still compatible with (Q). 

2.2 Comments on holomorphic seven-branes 

In the case p — — 1 the action ([!]) can be rewritten as 



(10) 



where r = t\ + IT2 = a + ie~^. One interesting property of the equation 
of motion following from this action is that, for the type of metric we are 
considering here (A = 0,) the dilaton and axion equations are independent 
of the metric. This decoupling from the metric signals a complex structure 
that has been exploited in various contexts starting from JTB[. The equation 
of motion for r is 

ddr+ 2 -^ = 0, (11) 
r — r 

where z = y 1 + iy 2 and d = d z . One can easily see that any holomorphic 
or antiholomorphic function r is a solution to this equation. This particu- 
lar class of solutions is required for supersymmetric solutions (see below). 
Einstein's equations take the form 

aan drdf + drdf 1 - 

" = 2(r-f) 2 = 2" 2 ' ( } 

where the last equation is true only for holomorphic or antiholomorphic r. At 
this stage one can conclude that the seven-brane-like solutions to the EOM 
obtained from (0) are characterized by an arbitrary holomorphic function 
F(z). 

e (2B) =T2e 2(F+F) - (13) 

This situation is familiar, it is typical of systems with two spatial dimensions, 



such is the case of the nonlinear 0(3) model 14] that describes isotropic 
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ferromagnets. In our problem, however, we have to go a step further because 
not any holomorphic function is acceptable as opposed to the case of the 
0(3) model. 

The domain in which r is defined presumably carries some information 
about the symmetries of the theory. The idea follows from the fact that in 
supergravity r belongs to the upper half plane H and the symmetry of the 
theory is SL(2,R). This symmetry is expected to be broken at the string 
theory level due to charge quantization to a discrete subgroup, SL(2,Z), 
which is presumed to be a discrete gauge symmetry. In that case, r must be 
restricted to the fundamental domain; this was the path taken in H which 
is asymptotically compatible with eq. (|]) and raises the natural question of 
how much supergravity solutions know about the full string theory. We will 
explore the restrictions that must be applied to r such that a well-defined 
magnetic charge exists at the end of this subsection. 

If one insists on a metric preserving P% x S0(2), which is the usual ansatz 
for the p-brane metric, then using Einstein eq. (0), one has that r 2 = r 2 (r 2 ). 
The condition that the sum F + F be a function of r 2 = zz poses a func- 
tional equation stating that the sum of F and F must be expressed as a 
product of their arguments. This equation is solved for F(z) = B\ \wz. Us- 
ing holomorphicity of r : dr = we get: ia/z + a'z + it' 2 z = 0, where the 
dot means derivative with respect to 9 and the prime with respect to r 2 . For 
purely magnetic solutions, (a' = 0), one has that r 2 = —a/(zz). Since r 2 is 
a function of only r 2 = zz and a is a function of only 9 = — (z/2) In z/z, the 
only solution is a = —A which implies r 2 = 1 + Alnr. This is essentially the 
solution presented in eq. ©. 

The converse is however not true. For any magnetically charged holomor- 
phic seven-brane: ia/(2z) + ir 2 z — t 2 /(2z) = 0. Since a and r 2 are real, the 
only solution to this equation is f 2 = (i.e., r 2 is independent of the angle.) 
For the same reasons, a = const = A and r 2 = exp(— 0) = 1 + Ap. This, 
however, is not enough to fix the form of F, and the solution will in general 
depend on an arbitrary holomorphic function. 

The analogy with the 0(3) model can be pursued a step further to es- 
tablish that the charge is equal to the degree of the map r — > z. For 
exp(— 27T2t) = bz n + c, one has that for asymptotically large r, a = —n6/ (2%) 
which implies q = —n, the same relation one has for the 0(3) model. This 
means that the charge equals the homotopy class of the map r — > z and pro- 
vides the homotopic sector classification known for solitons and instantons 
in gauge theories. This is a distinctive feature of seven-branes, the gauge 
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fields in D-branes are U(l) gauge fields and therefore the only chance to 
get some nontrivial homotopy is for two-dimensional transverse space due to 
7Tfc(C/(l)) = for k > 1. It is interesting to note that, as in solitons and 
instantons in gauge theory, the long distance behavior determines the topo- 
logical class of the solution on very general grounds and that one need not 
know the details of the solution for all values of the radius. 



2.3 Electric kink-like seven brane 

In this section we construct an electric 4 seven-brane with a metric somewhat 
resembling the one of the circular seven-brane constructed in [11]. 



We know from general considerations [K], |5|] that the charge dual to the 
D7-brane charge (called "magnetic" here) is the D(-l)-brane charge, i.e., the 
Type IIB-instanton charge that couples locally to the zero-form a field. The 
instanton, as a classical solution of the EOM, only exists in Euclidean space- 
time, although of course it represents a quantum tunneling amplitude in a 
Hilbert space built up in a space-time with Lorentz signature. The charge 
that the solution we present here carries plays a prominent role in the D- 
instanton solution of ||. One interpretation of this charge will be evident at 
the end of this section. 

We will look for solutions of the truncated IIB supergravity Lagrangian 
discussed in the previous sections. The main difference will be that, in the 
ansatz for the metric, we will not assume A = as we did previously, so, as 
mentioned earlier, such a solution will not be supersymmetric and not BPS.[] 
The reason for starting with this general ansatz is that for A = 0, there are no 
electric solutions. From the Einstein equations eq. (0) and the general form of 
the Ricci tensor (see appendix) one has, in the transverse directions, R m n = 
—8 mn d 2 B, but the right hand side of Einstein's equations is y m yn/r 2 (((fi') 2 + 
e 2r ^(a') 2 ) which has a different tensor structure and is signaling that the 
equation can not be nontrivially satisfied. We will, therefore, consider the 
following ansatz 

d s 2 = e 2A{ - r) r] lxv dx ti dx u + e 2B{r) S mn dy m dy n . (14) 
The EOM are given by eq. @. The Einstein equation for g^ u implies that 

d 2 e 8A = 0, or more explicitly, 

4 Here the term electric is used exclusively in the sense that a = a(r) and, unlike the 
previous case, the conserved charge J sl e 2 ^{d r a) is nonzero. 

5 Hence, for strong coupling, we can expect quantum corrections to be large. 
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A" + -A' + 8(A') 2 = 0. (15) 

The solution of this harmonic equation is 

A-A = Unp, (16) 

where, as before, p = ln(r/ro). The Einstein equation in the direction trans- 
verse to the brane has two different tensor structures: 5 mn and y m y n /r 2 . The 
5 mn equation gives 

B" + -B' + 8A'B' + -A' = 0. (17) 

Solving this equation is straightforward, giving 

B-B = -p + B 1 \np, (18) 

here B\ is an arbitrary constant. Using the axion equation, one can rewrite 
the remaining Einstein equation (for y m y n /r 2 ) in terms of the dilaton only 



" + + (0? = m + h^-. (19) 



This equation may be linearized by replacing by exp(0) and further sim- 
plified by defining t = In p, yielding 



p = M, (20) 



Remarkably, this is invariant under translation of ln(r/r ) (or rescaling of p,) 
but this is clearly not a symmetry of the other equations. The solution of 
this equation may be expressed in a variety of ways, e.g., 



= cosh(w(t-t )) = o 



P + Po 



(21) 



where ui = \j^B\ + 7/4, po is a constant and t = In p. Up to this point, we 
actually have not found it necessary to have uj 2 > but, from this solution, 
we see that this is required in order to have exp(0) > for all t.f] 

6 This corresponds to the restriction B\ > —7/16. 
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The general solution for the metric and the axion is, up to a global 
SL(2, R) transformation, 



where po is a constant. This has a form very similar to the circular seven- 
brane of [ll]. 

It is easy to see that \t\ = 1, so that the solution corresponds to a classical 
solution in the r-plane that starts at r = — 1 and traverses a semicircle until 
arriving at r = +1. 

We would like to stress at this point, although it will be completely clear 
in what follows, that the solution presented here, which we called electric 
seven brane because the charge that it carries is a Noether charge, i.e. it is 
conserved as a consequence of the equations of motion, is not a supersymmet- 
ric solution. In the absence of supersymmetry or a topologically conserved 
charge, it is not at all clear that this solution is stable. One of the properties 
of the charge of the electric seven brane presented here is that it is invariant 
under the SL(2,R) transformation acting on the dilaton and action fields, 
viz., r —> (ar + b)/(cr + d). This means that the electric charge can be viewed 
as an SL(2, R) charge. A similar situation takes place for the instanton sol- 
tuion of . In this context the electric seven brane and the D-Instanton are 
two SL(2, i?)-charged objects. 

2.4 Magnetic seven-branes 

In this subsection we will construct general magnetic seven-branes. The 
ansatz for the metric and the field strength is exactly as at the beginning 
of this section, eq. (|3|). The Einstein equation of motion in the longitudinal 
directions to the brane is as in the previous subsection and therefore the 
solution for A is as for the electric 7-brane eq. (]TB|) , A — A = (1/8) lnlnr/r . 
The "off-diagonal" Einstein equation 



ds 2 



{p) 1/ % v dx^dx v + r 2 p 2B '{dp 2 + d6 2 ), 



a 




(22) 




) - 16(A') 2 + 32A'B'. 



(23) 



The two "diagonal" equations are identical 




(24) 
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The axion equation, as is always the case for magnetic solutions, is identically 
satisfied. The dilaton equation becomes 

0" + r. + 8 AV = ^-. (25) 

A convenient way to solve these equations is, once again, to change variables 
to p = lnr/Vo. In this new coordinate the dilaton equation becomes 

0" + t = \ 2 e 2 t (26) 
P 



where the prime now denotes the derivative with respect to p . Using eq. |23|, 
equation [24] takes the following simple form in terms of p 

B" + — + - + ^— = 0. (27) 
p p 2 

The previous two equations can be combined using the identity (<f)'p)'/p = 
(f)" + (f)'/p into 

B' + £ = ^-l, (28) 



where t is an integration constant. These results can be plugged into eq. ^3 
giving 

✓ - 1 - U-T = (29) 
p Ap z 

A linearization procedure, similar to the one discussed in the electric case, 
can be applied to this equation with the following modification 

= K 2 e-f~\ (30) 

The complete solution takes the following form 

ds 2 = p^rj^dx^dx" + r 2 p 2t0+1 sinh (A ln(-^)) (dp 2 + d6 2 ) , 

v Po 

e-+ = e-^ psinh (Aln(— )V 
v Po J 

a = -X6, (31) 

with the following algebraic constraint, Ae^ = A, A 2 = At + ll/A. We could 
just set 0o = so that A becomes A. We shall now show that there is a limit 
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in which this solution becomes the solution presented in eq. (||). In order to 
do so let us consider the following substitution 81n(r ) = —1/Co- Using this 
substitution and renaming some of the integration constants we can rewrite 

A-A Q = Jm(l + C lnr), 

o 

B-B = -lnr + (t + l/2)ln(l + Colnr)-ilnsinh(xo + Aln(l + C lnr)), 

0-0 o = -ln(l + C lnr) - lnsinh(x + Aln(l + C lnr)). (32) 

The limit to the "extremal" case eq. (|6]) is: Co, xq — > and A, e 2B °, e~^° — > 
oo in such a way that CqA 2 , CqA/xo, e 2B °xo and exp — 0o^o are constant. 
This can be easily arranged by sending e to zero in the following relations 

C = e 2 , A 2 = ^±A Xo = JKTl«e, e 2B ° = e~^° = —^==-. 

e 2 v /J, y/Bi + 1 e 

(33) 

This way we recover precisely the solution of eq. (0). 



3 Comments on supersymmetric seven-branes 

In this section we will analyze the condition under which a seven-brane solu- 
tion admits a supersymmetric generalization. The supersymmetry transfor- 
mations of the corresponding fermionic fields in type IIB supergravity can be 
presented in an SU(1, 1) [16|, (see also the recent review [0) or SL(2, R) 
invariant formulation Jl9|, |2(|. 

The dilaton and axion fields of type IIB theory parametrize the upper 
half of the complex plane using the traditional parametrization r = a + ie~^. 
Following [Tj| [H| PDfl , one can introduce the zweibein V±, 



and define the local U(l) action as 

where £ is a U(l) phase. It is convenient to parametrize the matrix V 
following [|(J 

1 /re~ i7 tp* 7 \ 
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One can fix the local U(l) gauge symmetry by setting the scalar field 7 to 
be a function of r: 7 = 7(7") 

To write the type IIB supergravity EOM, it is convenient to introduce 



two SL(2, R) singlet currents [0, 0, [18], [19], 

2 t 2 



m — — e<*/3 V + Cm V+ — e 



Qm = -ie a pV^d M Vt = d Ml -\^. (37) 

2 T 2 



Under the U(l) gauge symmetry (|3"5D, they transform as 

Pm Pm^ 1 1 

Qm —> Qm + CmS. (38) 

These transformations show that Qm is a composite gauge potential and that 
the U(l) charge of Pm equals 2. 

The equations that result from sending all the fermions to zero as well as 
all bosonic fields except the relevant ones are |16, [17|, |1| |19| 



Rmn — PmPn + PmPn, 
D m P m = (Vm - UQm)Pm = 0. (39) 

Substituting (|37| ) into these, the EOM can be expressed in terms of and a 



as 

Rmn = ^(d M (j)d N (f) + e 24> d M ad N a), 
Aa + 2d M (pd M a = 0, 

A(f)-e^(da) 2 = 0. (40) 

Note that 7 does not appear in the EOM. In fact it appears as a multiplier 
in the dilaton and the axion equations but this does not affect the EOM. 
It should be taken as a bonus that these equations can be derived from a 
Lagrangian because the original definition of IIB is solely based on super- 
symmetry and the EOM. The Lagrangian in question is precisely the one we 
have been studying given by eq. ([!]). 

The supersymmetry transformations of the dilatino A and the gravitino 
ipM are given by 

5\ = iP M l M e\ 
Wm = (Vm-^QmU (41) 
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From the supersymmetric variation of the dilatino it is easy to see that 
a supersymmetric solution must have holomorphic or antiholomorphic r. 
Namely, 

6X = (r^r + T 2 d 2 r)e* = Y 1 {d l r + r 1 r 2 9 2 r)e*. (42) 

2t 2 2t 2 

Taking r x r 2 e* = ie* one obtains that in order for the variation of the dilatino 
to be zero, (<9i + id 2 )r = 0, which means that r is a holomorphic function. 
The same analysis could be carried out for antiholomorphic functions. 

For the gravitino one has that the variation in the longitudinal directions 

is 

6% = V ^e A - B W m d m Ae, (43) 

here we have assumed that all fields depend only on the transverse directions. 
One could apply the same type of manipulation we applied to the dilatino 
transformation and conclude that a solution to this equation is provided by 
any antiholomorphic function A, but A is a metric entry and must, therefore, 
be real. The only choice we have is A = constant which, by means of a 
trivial coordinate redefinition, is equivalent to A = 0. So far, everything is 
compatible with the type of seven-branes considered in subsection 2.1. The 
gravitino transformation in the transverse directions is 

5ip m = (d m + ^d n BT m T n - U m B - l -d ml + ^rd m T^j e. (44) 

Substituting B = B + £>ilnr + |lnr 2 , taking into account that r is a 
holomorphic function and considering a more general spinor e = e l ^ 2 eo where 
T 1 r 2 eQ = ie$, we obtain that / — 7 + IB1 lnr must be a holomorphic function 
or in other words, 7 — / = —B\Q which can always be satisfied for any given 
7 = 7(t). In the case of the D7-brane of [[l], [| one has B\ = which is a 
solution for 7 = (the preferred gauge fixing condition) and / = 0. The 
solutions of and |ll] also enter in this scheme. To make contact with 
we need to drop the condition that B = B(r) and assume only that B must 
be real. In this case the solution is specified up to a holomorphic function 
eq. fllBp. The variation of the gravitino in the directions perpendicular to 



the seven-brane demand that / — 7 + i(F + F) be a holomorphic function. 
In 7(7") = — Imln(r + 1) up to an additive constant, this combines with 
the fact that F = F(t) is dictated by modular invariance, to provide a 
supersymmetric solution for / = 0. 
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4 Instantonic solutions to IIB 



In this section we will consider the following Euclidean action 
and its EOM 

Rmn = ^(d M 4>d N 4>- e 2cl, F M F N ), 

^=d M (y/gg" N d N <l>) = -e 2 *g MN F M F N , 

d M (V99 MN e 2 *F M ) = 0. (46) 

One way to generalize the solution of || is to consider the following ansatz 
for the metric 

ds 2 = e 2B ^5 mn dy m dy n . (47) 



As familiar by now, the Einstein equations have two tensor structures. The 
6 mn part is 

B" + —B' + 8(B') 2 = 0, (48) 



r 

which becomes a linear differential equation after substituting B' = 1/u. The 
general solution is 

B-B = 1 -H1 + ^). (49) 

Note that for Qq = and fixing the constant Bo = we recover the flat 
metric of the solution obtained in ||. 

The dilaton and axion equation take the following form 



//' + %' + e ^f a 'f + 8 B f 6' = 0, 



r 

a" + -a' + 2a' 4/ + 8B'a' = 0. (50) 
r 

Using the axion equation one obtains that y m y n /r 2 Einstein equation can be 
rewritten as 

0"+(0) 2 + , (- + 85') = ^r 1 W- (51) 
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In terms of a new function D such that = (D—4B'r 9 )/r 9 and also changing 
to coordinate t : 4^ = 1/r 9 the dilaton equation becomes 



The solutions of this equation take different forms depending on the sign of 
Qq. For negative Qo, substituting Q Q — > — Q 2 , m all formulas we obtain the 
following solution: 



= e^sinh L + ^ In \ + ^ V 

V 2 i-g /r 8 ; 

a-a = - e -*»ooth^o + |lni^^V (53) 

The limit in which this solution coincides with is the following: Qq, xq — > 
and exp0o — ► oo with the following relations going to constants: Qq/xq = 
C/3, e* xo = e* . (Here C and 0o are the parameters of the solution in [|].) 
This solution has a singularity at rg = Qq. It is a nontrivial task to classify 
this singularity being a singularity in Euclidean space. Let us simply note 
that it is a curvature singularity since for this metric the scalar curvature 
equals 

288Q _ Qqn-9/4 

^ r 18 V r 16^ 

There is also a solution for positive values of the parameter Qo, for this 
case we will consider Q — > Qq. The solution we obtained is 

ds* = (l + ^)(dr 2 + r 2 ^ 2 ), 

<t> d>o(-t | C 3( ?o ^Q ui | Qa 1-3/2 

To recover the instanton of || from this solution one needs simply send 

Qo -> o. 
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The Einstein equations of SV/,-1 (both for Minkowskian and Euclidean 
versions) imply that the action is zero. This naive approach would render an 
instanton with zero action. First of all one would turn to the surface term. 
The surface term originates from allowing variations of 5g MN which vanish 
at the surface but whose normal derivatives do not. The boundary term 
is J(K — K°)\^hd 9 y. For the dilaton metric we consider here one obtains 
a contribution proportional to 0(l/r 8 ) which therefore vanishes for asymp- 
totically large distances. A way out of this situation which was successfully 
used in || consists in realizing that the same solution can be considered as 
a solution of the supergravity but instead of considering an axion field one 
needs to consider the C 8 formulation with field strength F 9 dual to the field 
strength of the axion da. In this picture Einstein equation no longer implies 
that the solution must have zero action. There is a more rigorous argument 
as to why the Euclidean version for the axion field has to include the surface 
term, it is based on an analysis of the dual formulation 0, |2l|, |22|]. A subtlety 
here arises because of the need to perform Poincare duality to objects that 
live in spaces of different signatures. Modulo these subtleties our result for 
the value of the action is exactly that of [f|. We checked that our solution 
becomes that of p[ in certain limit specified by the charges. It is straight- 
forward to notice that this limit corresponds precisely to the large r limit of 
the solution in the positive Q case and for negative Q we need to assume 
that Xq = 0. 



5 Conclusions 

In this paper we have constructed new electric and magnetic seven-branes. 
We have shown that the EOM for the seven-brane ansatz admit a one- 
parametric family of solutions some particular cases of which were known 
in the literature as separate objects. We have also shown explicitly that the 
supersymmetry equations are loose enough to admit a solution for such one- 
parametric family. The electric and magnetic seven-branes constructed here 
have a kink-like behavior similar to some solitons in gauge theories. 

We have constructed instantonic solutions for IIB that generalize in a 
very clear way the previously known D-instanton solution of 0. We have 
not, however, analyzed the supersymmetric structure of the instanton. 
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Appendix 

The calculations for the Ricci tensor for the p-brane metric have been 
presented in a number of papers [p], f|, [|. We present such results here for 
the sake of completeness. Let us consider a metric in D spacetime dimensions, 
given by the following ansatz 

ds 2 = e 2A dx ii dx v T] ilv + e 2B dy m dy n 5 mn , (55) 

where x^ (fi = 0, . . . , d — 1) are the coordinates of the (d — l)-brane world 
volume, and y m are the coordinates of the (D — d) -dimensional transverse 
space. Generally the functions A and B depend only on r = ^y m y m . Here 
we will consider an arbitrary dependence in the transverse dimensions. The 
Ricci tensor obtained from this metric is 

R,u = -v^e 2{A - B) 6 mn (d m d n A + dd m Ad n A + dd m Ad n B), 

Rmn = -5 mn (5 pq d p d q B + d5 pq d p Ad q B + d5 pq d p Bd q B) 

—d d m d n B — d d m d n A — d d m Ad n A + d d m Bd n B 

+d {d m A8 n B + d n Ad m B), (56) 

where d = D — d — 2. A convenient choice of vielbein basis for the metric 
is e¥- = e A dx fl and e— = e B dy m , where underlined indices denote tangent 
space components. The corresponding spin connection, which is needed for 
the supersymmetry transformation of the gravitino, is 

um = e - B d n Ae^, u& = 0, 
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